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ɺ ʪʝʟʠʩʘʭ ʜʦʢʣʘʜʦʚ ʢʦʥʬʝʨʝʥʮʠʠ ʧʨʝʜʩʪʘʚʣʝʥʳ ʨʘʟʣʠʯʥʳʝ ʘʩʧʝʢʪʳ ʪʝʦʨʝʪʠʯʝʩʢʠʭ ʠ 

ʧʨʠʢʣʘʜʥʳʭ ʠʩʩʣʝʜʦʚʘʥʠʡ. ʈʘʩʩʤʦʪʨʝʥʳ ʚʦʧʨʦʩʳ ʩʦʟʜʘʥʠʷ ʤʘʪʝʤʘʪʠʯʝʩʢʠʭ ʤʦʜʝʣʝʡ, 

ʘʜʝʢʚʘʪʥʦ ʦʧʠʩʳʚʘʶʱʠʭ ʠʩʩʣʝʜʫʝʤʳʝ ʦʙʲʝʢʪʳ.  

ʆʪʜʝʣʴʥʦ ʨʘʩʩʤʦʪʨʝʥʳ ʧʨʦʙʣʝʤʳ ʩʠʥʪʝʟʘ ʫʧʨʘʚʣʝʥʠʷ ʠ ʠʩʩʣʝʜʦʚʘʥʠʷ ʫʩʪʦʡʯʠʚʦʩʪʠ 

ʜʚʠʞʝʥʠʷ. ɿʥʘʯʠʪʝʣʴʥʦʝ ʢʦʣʠʯʝʩʪʚʦ ʨʘʙʦʪ ʩʚʷʟʘʥʦ ʩ ʤʦʜʝʣʠʨʦʚʘʥʠʝʤ ʵʢʦʥʦʤʠʯʝʩʢʠʭ, 

ʙʠʦʣʦʛʠʯʝʩʢʠʭ ʠ ʩʦʮʠʘʣʴʥʳʭ ʧʨʦʮʝʩʩʦʚ. ɹʦʣʴʰʦʝ ʢʦʣʠʯʝʩʪʚʦ ʨʘʙʦʪ ʧʦʩʚʷʱʝʥʦ 

ʧʨʦʙʣʝʤʘʤ ʪʝʦʨʝʪʠʯʝʩʢʦʡ ʠ ʧʨʠʢʣʘʜʥʦʡ ʤʝʭʘʥʠʢʠ. ʈʘʩʩʤʦʪʨʝʥʳ ʣʦʛʠʢʦ- ʤʘʪʝʤʘʪʠʯʝʩʢʠʝ 

ʤʝʪʦʜʳ ʤʦʜʝʣʠʨʦʚʘʥʠʷ. 

ʇʦʜʛʦʪʦʚʣʝʥʦ ʂʫʭʘʨʝʥʢʦ ɸ.ɺ. ʠ ʉʠʨʝʥʢʦ ɸ.ʉ. 

ʈʝʢʦʤʝʥʜʦʚʘʥʦ ʢ ʧʝʯʘʪʠ ʋʯʝʥʳʤ ʉʦʚʝʪʦʤ 

ʬʘʢʫʣʴʪʝʪʘ ʢʠʙʝʨʥʝʪʠʢʠ ʂʠʝʚʩʢʦʛʦ 

ʥʘʮʠʦʥʘʣʴʥʦʛʦ ʫʥʠʚʝʨʩʠʪʝʪʘ ʠʤ. ʊʘʨʘʩʘ 

ʐʝʚʯʝʥʢʦ 

ʅʘʫʯʥʳʡ ʨʝʜʘʢʪʦʨ: ʜʦʢʪʦʨ ʬʠʟ.- ʤʘʪ. ʥʘʫʢ 

ʍʫʩʘʠʥʦʚ ɼ.ʗ. 

ʈʝʮʝʥʟʝʥʪ: ʜʦʢʪʦʨ ʬʠʟ.- ʤʘʪ. ʥʘʫʢ  

ɹʦʡʯʫʢ ɸ.ɸ. 

ɺ ʪʝʟʘʭ ʜʦʧʦʚʽʜʝʡ ʢʦʥʬʝʨʝʥʮʽʾ ʧʨʝʜʩʪʘʚʣʝʥʦ ʨʽʟʥʽ ʘʩʧʝʢʪʠ ʪʝʦʨʝʪʠʯʥʠʭ ʪʘ 

ʧʨʠʢʣʘʜʥʠʭ ʜʦʩʣʽʜʞʝʥʴ. ʈʦʟʛʣʷʥʫʪʦ ʧʠʪʘʥʥʷ ʩʪʚʦʨʝʥʥʷ ʤʘʪʝʤʘʪʠʯʥʠʭ ʤʦʜʝʣʝʡ, ʱʦ 
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ɿʥʘʯʥʘ ʢʽʣʴʢʽʩʪʴ ʧʨʘʮʴ ʧʦʚôʷʟʘʥʘ ʽʟ ʤʦʜʝʣʶʚʘʥʥʷʤ ʝʢʦʥʦʤʽʯʥʠʭ, ʙʽʦʣʦʛʽʯʥʠʭ ʪʘ 

ʩʦʮʽʘʣʴʥʠʭ ʧʨʦʮʝʩʽʚ. ɺʝʣʠʢʘ ʢʽʣʴʢʽʩʪʴ ʧʨʘʮʴ ʧʨʠʩʚʷʯʝʥʘ ʧʨʦʙʣʝʤʘʤ ʪʝʦʨʝʪʠʯʥʦʾ ʪʘ 

ʧʨʠʢʣʘʜʥʦʾ ʤʝʭʘʥʽʢʠ. ʈʦʟʛʣʷʥʫʪʽ ʣʦʛʽʢʦ- ʤʘʪʝʤʘʪʠʯʥʽ ʤʝʪʦʜʠ ʤʦʜʝʣʶʚʘʥʥʷ. 
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During the period May 29 ï 31, 2013 the traditional international conference ñDynamical Systems 

Modeling and Stability Investigationò was held. The members of committees were 

 

SCIENTIFIC COMMITTEE  
Aliev F. (Baku, Azerbaidzhan), 

Andreev A.S. (Ulyanovsk, Rusia), 

Babaev A.E. (Kyiv, Ukraine), 

Bastinec J. (Brno, Czech Republic), 

Boychuk A.A. (Kyiv, Ukraine), 

Chikrii A.O. (Kyiv, Ukraine), 

Diblik J. (Brno, Czech Republic), 

Domoshnitsky A. (Ariel, Israel), 

Gyori I. (Vesprem, Hungary), 

Ivanov A.F. (Penn State, U.S.A.), 

Kalitin B.S. (Minsk, Belorussia), 

Karandzhulov L.I. (Sofia, Bulgaria), 

Kubenko V.D. (Kyiv, Ukraine),  

Magnucka-Blandzi E. (Poznan, Poland), 

Martinyuk A.A. (Kyiv, Ukraine), 

Medved M. (Bratislava, Slovak Republic), 

Muller W. (Berlin, Germany), 

Redko V.N. (Kyiv, Ukraine), 

Ruzickova M. (Zilina, Slovak Republic), 

Vasiliev S.N. (Moscow, Russia), 

Werbowski J. (Poznan, Poland), 

Wu J. (Toronto, Canada). 

ORGANIZING COMMITTEE  
Bychkov O. (Kyiv, Ukraine), 

Chernii D.I (Kyiv, Ukraine), 

Dzhalladova I.A. (Kyiv, Ukraine), 

Grygorenko A.Ya. (Kyiv, Ukraine), 

Kashpur O.F. (Kyiv, Ukraine), 

Khusainov D.Ya. (Kyiv, Ukraine, Chairman), 

Kudin V.I. (Kyiv, Ukraine), 

Kukharenko O.V. (Kyiv, Ukraine, Secretary), 

Liashenko O. I. (Kyiv, Ukraine), 

Mazko A.P. (Kyiv, Ukraine), 

Nikitchenko N.S. (Kyiv, Ukraine), 

Onyshchenko S.M. (Kyiv, Ukraine), 

Podchasov N.P. (Kyiv, Ukraine), 

Shatyrko A.V (Kyiv, Ukraine), 

Shatyrko O.A (Kyiv, Ukraine, Secretary), 

Shkilniak S.S. (Kyiv, Ukraine), 

Zhuk Ya. O. (Kyiv, Ukraine). 

 

 

 

 

 

First conferences ñDynamical Systems Modeling and Stability 

Investigation ò were embarrassed by narrow frames of stability theory and 

dynamical processes under superconductivity conditions. But taking into 

account the growing interest to the co nference, organizers have extended 

the subject, which consists of five topics: ñSystem Investigationò, 

ñSystem Modelingò, ñMechanical Systemsò, ñControl and Optimizationò, 

ñProgramming and Logic- mathematical Methodsò. 

The ñMathematical methods of system investigationò, the first topic, is connected to 
mathematical studies of dynamical system investigation, described by different types of 
equations (differential, functional), and mathematical modeling instrument development 
problems. 
The ñMathematical modeling of processesò topic considers the wide spectrum of 
mathematical modeling in physical, technological and biological processes. The reports 
about stability in superconducting systems, technological processes investigation, financial 
and economical models are presented. 
The ñModeling and investigation of mechanical systemsò topic presents modern 
researches on aerohydroelastic problems, composite materials mechanics, elasticity 
theory, plasticity, destruction, bounded fields theory and theoretical mechanics. 
The "Mathematical methods of control and optimization" topic presents mathematical 
problems of controlling technical and physical systems. The significant attention is devoted 
to control problems in mechanical systems. 
The ñProgramming and logic-mathematical methods of modelingò topic aims to 
present new results in subject domain specification, programming system development, 
logic of dynamic system modeling. 
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The Conference covers the following topics: 

 

1.The "Mathematical methods of system investigation" is connected to mathematical studies 

of dynamical system, described by different types of equations (difference, differential, functional), 

and mathematical modeling instrument development problems: 

Â Investigation of differential, functional-differential and difference systems. 

Â Investigation of system stability, controllability and optimization. 

Â Bifurcations and chaos in dynamical systems. 

Â Lyapunov's methods in system investigation. 

 

2.The "Mathematical modeling of processes" considers the wide spectrum of mathematical 

models in physical, technological and biological processes. The reports about stability in 

superconducting systems, technological processes investigation, financial and economical models 

are presented: 

Â Mathematical modeling and investigation of physical, technical, chemical and biological 

processes. 

Â Mathematical modeling in superconducting systems. 

Â Modeling and investigation of technological processes. 

Â Mathematical models related to economics and finance. 

 

3. The "Modeling and investigation of mechanical systems" presents modern researches on 

aerohydroelastic problems, composite materials mechanics, elasticity theory, plasticity, destruction, 

bounded fields theory and theoretical mechanics: 

Â Mathematical modeling in composite materials of mechanics. 

Â Modeling and investigation of dynamical processes in elastic and hydroelastic systems. 

Â Mathematical modeling in connected fields of mechanics. 

 

4.The "Mathematical methods of control and optimization"  topic presents mathematical 

problems of controlling technical and physical systems. The significant attention is devoted to 

control problems in mechanical systems: 

Â Methods of control. 

Â Methods of optimization. 

Â Methods of differential games. 

Â Fuzzy modeling and control. 

 

5.The "Programming and logic-mathematical methods of modeling" topic aims to present 

new results in subject domain specification, programming system development, logic of dynamic 

system modeling: 

Â Methods and tools of subject domains specifications. 

Â Methods and tools of software systems description. 

Â Modal and temporal formalisms of systems modeling. 

 

6.Satellite Conference "Investigations on the Dynamics of Random Processes and Analysis 

of Population Models". Taking into account a high interest to the Conference from scientists of the 

economical disciplines, Organizing Committee decided to extend the section connected with 

modeling of socio-economical processes. It became possible thanks to the initiative of the ISTF 

Advanced Mathematics Department Kyiv National Economic University, one of the leading 

economical universities in Ukraine. The Satellite Conference is interested in promoting high quality 

research in the fields connected with modeling of real-life processes in biology, economy, 

chemistry, etc. 
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THE DIRECT LYAPUNOV METHOD IN STABILITY PROBLEMS, MOTION 

STABILIZATION AND CONTROL IN MECHANICAL SYSTEMS 

 

Andreev A.S., Artemova A.O., Shepelev G.A. 

 

In paper are presented analysis and systematization of primary, in authors' opinion, known 

results on extension of the direct Lyapunov method applied to mechanical problems for the last 15 

years. 

The paper consists of three parts. In the first part discusses the results on the direct 

Lyapunov method extension in the problem on stability of differential and functional-differential 

equations including  with discontinued right hand side. Next there is an analyzing efficiency of 

various methods applying to solving stability problems on controlled systems and processes that are 

simulated with before-mentioned equations. 

Systematizes the primary results on stability investigation, stabilization and motion control 

of mechanical systems. Presents new results on motion control of a robotic system and a system of 

coupled solids. 

The research was done with support of the Ministry of Education and Science of the Russian 

Federation (agreement 14.B37.21.0373 ñExtension of methods and algoritms of non-linear 

mechanical systems control problems investigation and simulating controlled motion of systems of 
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 GLOBAL ERROR ESTIMATION  IN EXPONENTIAL INTEGRATORS   

 

Auzinger W., Stolyarchuk R.R. 

 

For the numerical approximation of the solution :[0, ] nu T ­  of semilinear stiff ODE 

systems  

( ) = ( ) ( ( )), (0) given,u t Au t g u t u¡ +                                          (1) 

 exponential integrators are widely used. Here it is assumed that the linear part involving the 

stiff coefficient matrix n nA ³Í  can be `exactly integrated', i.e., an efficient procedure for 

evaluation or accurate approximation of the mapping 
tAv e v is available. Exponential integrators 

of multistep type are based on reformulating (1) as a local integral equation via the variation-of-

constants formula and approximate it by interpolatory quadrature. This leads to discrete schemes of 

the type  

1 1= ( ( ), , ( )) (stifforderhA

n n n n p nu e u hV g u g u+ - ++  p ),  or                    (2) 

1 1 1= ( ( ), , ( ), ( )) (stifforderhA

n n n n p n nu e u hW g u g u g u+ - + ++  p+1 ),         (3) 

where h  is the stepsize and ( ) = ( )n nu u t u nhº . These schemes are generalizations of the 

classical (explicit) Adams-Bashforth and (implicit) Adams-Moulton schemes. The terms ( )nhV  

and ( )nhW  are multistep approximations of the variation-of-constants integral over the interval 

1[ , ]n nt t +  which involve further evaluations of exponentials. 

The numerical realization of (3) is much more involved than for (2) because each step 

involves the solution of a nonlinear system. As in the classical (non-stiff) multistep context, there 

are various ways to combine (2) with (3), e.g., in a predictor-corrector type fashion. Here we 

consider another option, namely a procedure for estimating the global error 1 1( )n nu u t+ +-  of (2) in an 

a posteriori sense, by means of   

Å computing the defect (residual) of 1nu +  with respect to (3) in each step, and   

Å backsolving for a global error estimate by an integration involving the defect, using a 

simple auxiliary scheme like exponential Euler.  

This way of estimating the error is called defect integration. Here, nu  and its error estimate 

are determined simultaneously. 

We present relevant details of this error estimation procedure and demonstrate its 

effectiveness for a nonlinear stiff test problem. We also include results for rational integrators, 

where 
hAe  is approximated by an A-stable p -th order Pad® approximation. Furthermore we indicate 

how to extend the existing convergence theory for (2) in order to prove the asymptotical correctness 

of the estimator (work in progress). 
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MULTIPLICATIVE METHODS FOR THE SOLUTION OF EVOLUTIONARY 

STOCHASTIC EQUATIONS  
 

Butsan G.P. 

 

The main idea is in the decomposition of the given evolutionary stochastic differential 

equation into some simpler parts, solution of each part and following multiplicative composition of 

obtained solutions to get the solution of the given one using the new notions of mixed product  and 

mixed sum , introduced by the author. Examples are considered.     

For  evolutionary operator multiplicative system ( , )U s t , ( , ) ( , ) ( , )U s t U s U tt t= , 

0 s tt¢ ¢ ¢ in some Hilbert space H we  consider 1
1

( , ) lim ( ( , ) ),
n

k k
k

Y s t U s s I-
=

= -ä   

1max( ) 0n k ks sd -= - ­  its infinitesimal evolutionary additive operator  system, when lim was  

taken in some  norm  on  H , ( , )MU s t I= , ( , ) 0,MY s t = 0 ks s t T¢ ¢ ¢ ¢.  For  them  we  have  

next  formulas (G.Butsan): 

1
1

( , ) lim ( ( , ) ),
n

k k
k

U s t Y s s I-
=

= +Ô ( , ) ( , ) ( , )
t

s

U s t I U s dY st t= +ñ , ( , ) ( , ) ( , )dU s t U s t dY s t=  

For independent 1( , )U s t , 2( , )U s t and corresponding 1( , )Y s t , 2( , )Y s t , 1 2( , ) ( , ) ( , )Y s t Y s t Y s t= +

: 

1( , ) ( , )U s t U s t= 2 1 1 2 1
0

1

( , ) lim ( , ) ( , )
n

k k k k
n k

U s t U s s U s s
d

- -
­

=

= Ô = 1( ( , ) )Y s t I+  2( ( , ) )Y s t I+  =      

1 1 2 1
0

1

lim ( ( , ) )( ( , ) )
n

k k k k
n k

Y s s I Y s s I
d

- -
­

=

= + + =Ô 1 1 2 1
0

1

lim ( ( , ) ( , ) )
n

k k k k
n k

Y s s Y s s I
d

- -
­

=

+ +Ô  

For dependent 1( , )U s t , 2( , )U s t  and corresponding 1( , )Y s t , 2( , )Y s t  next  new  results are   true:  

  $ 1( , )Y s t 2 1 1 2 1
0

1

( , ) lim ( , ) ( , )
n

k k k k
n k

Y s t Y s s Y s s
d

- -
­

=

= ä , 1 2 1( , ) ( , ) ( , ) ( , )Y s t Y s t Y s t Y s t= + +

2( , )Y s t , 

                           ( , )U s t = 1 1 2 1 1 1
0

1

lim ( ( , ) ( , ) ( , )
n

k k k k k k
n k

Y s s Y s s Y s s
d

- - -
­

=

+ +Ô 2 1( , ) )k kY s s I- + =  

                          1 1 2 1 1 1
0

1

lim ( ( , ) )( ( , ) )( ( , )
n

k k k k k k
n k

Y s s I Y s s I Y s s
d

- - -
­

=

= + +Ô 2 1( , ) )k kY s s I- + ,  

                                    1 2 1( , ) ( , ) ( ( , ) ( , ) ( , )
t

S

U s t I U s d Y s Y s Y st t t t= + + +ñ 2( , ))Y s t ,                                

                                  1 2 1( , ) ( , ) ( ( , ) ( , ) ( , )dU s t U s t d Y s t Y s t Y s t= + + 2( , ))Y s t ,                                                              

In the report it will be compared with corresponding results of Yu. Daletskiy, S. Fomin, 

others.  
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STABILITY OF SOLUTIONS TO SYSTEMS OF DIFFERENCE EQUATIONS WITH 

PERIODIC LINEAR TERMS  

 

Demidenko G.V.  

 

In the present paper we continue to study the problem on asymptotic stability of the zero 

solution to the system of difference equations with periodic coefficients in linear terms [1, 2] 

1 ( ) ( , )j+= +m m mx A m x m x , 0,1, ,=m                                        (1) 

where the matrix sequence { }( )A m  is M -periodic; i.e., ( ) ( )+ =A m M A m , 0²m . We formulate a 

new criterion for asymptotic stability of the zero solution to linear equations, prove an analogue of 

the Levinson theorem for nonlinear equations and obtain estimates characterizing the decay rates of 

solutions to these equations at infinity. 

If the nonlinear continuous vector-function ( , ) :j Ö ­N Nm R R  satisfies the condition 

1 2
( , ) , , 0, 0,

a
j a

+
¢ Í ² >Nm x q x x R m                                (2) 

then the following theorem holds. 

Theorem. Let the condition (2) be satisfied and let the boundary value problem 

( ) ( ) ( 1) ( ) , 0,1, , 1,

(0) ( ),

*- + = = -

=

H l A l H l A l I l M

H H M
 

have a Hermitian solution ( )H l  such that (0) 0>H . Then the zero solution to (1) is asymptotically 

stable. Moreover, if the initial vector 0x  satisfies the condition 0 0(0) ,
a
¢H x x d  with  

{ } ( )
12

1

1 1
min , , , ( 1) ( ) ( 1) ( 1) ,

2

-å õ
= = - + - - -æ öæ ö

ç ÷
M ld d d d A l H l H l A l

q
 

 then, for solutions { }mx  to (1), the following estimates hold 

/2

0

max

1
1 (0) , 1,

2

å õ
¢ - ²æ ö
ç ÷

m

mx H x m
H

 

where { }max max (0) , (1) , , ( 1) .= -H H H H M  
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1.Demidenko G.V. Matrix equations / G.V. Demidenko. ï Novosibirsk: Novosibirsk State 

University, 2009. ï 203 p. (in Russian).  

2.Demidenko G.V. Stability of solutions to difference equations with periodic coefficients in 

linear terms / G.V. Demidenko // J. Comput. Math. Optim. ï 2010. V. 6, no. 1. ï P. 1-12. 
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EXISTENCE AND ESTIMATE OF UNBOUNDED SOLUTIONS OF A LINEAR 

DIFFERENTIAL EQUATION WITH DELAYS    
 

Diblk J., Chup§c  R. and  Ruģickov§ M.  

 

We consider an equation of the form  

 [ ]
=1

( ) = ( ) ( ) ( )
n

i i i

i

y t t y t y tb d t- - -ä  (1) 

 for t­¤ where > 0n  is an integer, , := (0, )i id t +Í ¤, >i it d for =1, ,i n , 

1:i Ib +

-­  are continuous functions and 1 0:= [ , )I t t- - ¤, 0t Í , 1= max{ , , }nt t t. Without 

loss of generality, we assume also 0 > 0t t-  (this is a technical detail necessary in some of 

computations). 

Theorem 1. Let there exist a constant > 0a  such that the inequality  

 ( )
=1

( )( ) 1 ( 1)( )2 >1
n

i i i i i

i

t a tb t d t d- - - +ä  (2) 

 holds for all 1t I-Í . Then, there exists a strictly increasing and unbounded solution ( )y t  of 

(1) as t­¤. 

Theorem 2. Let there exist a constant > 0a  such that the inequality (2) holds for all 1t I-Í  

and the inequality  

=1

( ) >
n

i

i

t atbä  

 holds for all 1 0\{ }t I t-Í . Then, there exists a strictly increasing and unbounded solution ( )y t  

of (1) on 1I-  satisfying the inequalities  

0

=1
0

( ) ( ) exp ( ) d
n

a

i

i t

t

tt y t s st b
t

è ø
é ù- ¢ ¢
é ù-
ê ú

äñ  

 on 1I- . 

 

1.J. Diblk and M. Ruģickov§, Exponential solutions of equation 

( ) = ( )[ ( ) ( )]y t t y t y tb d t- - - // Mathematical analysis and Applications - 2004. - vol. 294, no. 1, 

273-287. - 15 pages. 

2.J. Diblk, R. Chup§c , M. Ruģickov§, Unbounded solutions of the equation 

=1
( ) = ( )[ ( )

n

i ii
y t t y tb d- -ä ( )]iy t t-  // Applied Mathematics and Computation - (submitted). 
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A BI FURCATIONAL GEOMETRIC METHOD  

 

Gaiko V. A. 

 

We carry out the qualitative investigation of polynomial dynamical systems. To control all 

of their limit cycle bifurcations, especially, bifurcations of multiple limit cycles, it is necessary to 

know the properties and combine the effects of all of their rotation parameters. It can be done by 

means of the development of a new bifurcational geometric method based on the well-known 

Weierstrass preparation theorem and the Perko planar termination principle stating that the maximal 

one-parameter family of multiple limit cycles terminates either at a singular point which is typically 

of the same multiplicity (cyclicity) or on a separatrix cycle which is also typically of the same 

multiplicity (cyclicity) [1]. This principle is a consequence of the principle of natural termination 

which was stated for higher-dimensional dynamical systems by A. Wintner who studied one-

parameter families of periodic orbits of the restricted three-body problem and used Puiseux series to 

show that in the analytic case any one-parameter family of periodic orbits can be uniquely 

continued through any bifurcation except a period-doubling bifurcation. Such a bifurcation can 

happen, e. g., in a three-dimensional Lorenz system [1]. Besides, the periods in a one-parameter 

family of a higher-dimensional system can become unbounded in strange ways: for example, the 

periodic orbits may belong to a strange invariant set, strange attractor, generated at a bifurcation 

value for which there is a homoclinic tangency of the stable and unstable manifolds of the Poincar® 

map. This cannot happen for planar systems. That is why the Wintner-Perko termination principle is 

applied for studying multiple limit cycle bifurcations of planar polynomial dynamical systems [1]. 

If we do not know the cyclicity of the termination points, then, applying canonical systems 

with field rotation parameters, we use geometric properties of the spirals filling the interior and 

exterior domains of limit cycles. Applying this method, we have solved, e. g., Smale's Thirteenth 

Problem proving that the Li®nard system with a polynomial of degree 2 1k+  can have at most k  

limit cycles [2]. Generalizing the obtained results, we have also solved the problem of the 

maximum number of limit cycles surrounding a singular point for an arbitrary polynomial system 

[3] and Hilbert's Sixteenth Problem for a general Li®nard polynomial system with an arbitrary (but 

finite) number of singular points [4, 5]. Applying the same approach, we complete also the strange 

attractor bifurcation scenario which connects globally the homoclinic, period-doubling, Andronov-

Shilnikov, and period-halving bifurcations in the classical Lorenz system.  

 

1. Gaiko V. A. Global Bifurcation Theory and Hilbert's Sixteenth Problem. - Kluwer 

Academic Publishers, Boston, 2003. 

2. Gaiko V. A. Limit cycles of Li®nard-type dynamical systems // Cubo - 2008. - 10. - P. 115-

132. 

3. Gaiko V. A. On limit cycles surrounding a singular point // Differ. Equ. Dyn. Syst. - 2012. - 

20. - P. 329-337. 

4. Gaiko V. A. The applied geometry of a general Li®nard polynomial system // Appl. Math. 

Letters - 2012. - 25. - P. 2327-2331. 

5. Gaiko V. A. Limit cycle bifurcations of a general Li®nard system with polynomial restoring 

and damping functions // Int. J. Dyn. Syst. Differ. Equ. - 2012. - 4. - P. 242-254. 
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IDENTIFICATION OF HOPF AND SADDLE -NODE INSTABILITIES IN A MODEL 

SYSTEM BY IMPEDANCE METHOD  

 

Gichan O.I.  

 

The impedance spectroscopy is an effective method for investigation of dynamical 

instabilities in electrochemical systems. Impedance spectroscopy is based on the same concept as 

linear stability analysis: linearization. In impedance spectroscopy, bifurcations are represented by 

zero impedance or admittance [1, 2]. The dynamical instabilities can be identified via a form of 

impedance diagrams. 

In this paper, the analytically derived expression for impedance allows us to investigate the 

possible realization of Hopf instability and saddle-node one in a model electrocatalytic process on 

electrode surface with different shape (sphere, cylinder and plane). The system is described by the 

partial differential equations with nonlinear boundary conditions [3]. 

The results obtained can help in understanding complex dynamics of nonequilibrium systems 

and finding the way of its control.  

 

1.Koper M.T.ʄ. Stability study and categorization of electrochemical oscillations by 

impedance spectroscopy // J. Electroanal.Chem. ï 1996. ï V. 409, ˉ 1-2. ï P. 175 - 182. 

2.Naito M., Tanaka N., Okamoto H. General relation between complex impedance and linear 

stability in electrochemical systems // J. Chem. Phys. ï1999. ï V.111. ï P. 9908-9917. 

3.Pototskaya V.V., Gichan O.I. On stability of model electrocatalytic process with Frumkin 

adsorption isotherm occurring on a spherical electrode // Russ. J. Electrochem. ï 2012. ï V. 48, ̄  

2. ï P. 154 - 162. 
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 THE INTEGRABLE TWO -DIMENSIONAL GENERALIZATION OF THE 

RELATIVISTIC TODA LATTICE AND ITS BARGMANN TYPE INVARIANT 

REDUCTION  

 

Hentosh O.Ye.  

 

By use of the hierarchies [1] of squared eigenfunction symmetries for the Lax type vector 

fields on the extended dual space to the Lie-algebra of the Laurent series by the usual shift operator 

 the Lax integrable two-dimensional relativistic Toda lattice are obtained as the system of two 

evolutions  

 

1 * 1 * *

1 1 1 1

2 1 2 * 2 1 2 * *

2 1 2 1

/ = ( ) , / = ( ) ,

/ = ( ) , / = ( ) ,

i i

i i i i

i i

i i i i

df d M l f df d M l f

df dT l M l f df dT l M l f

t d t d

d d+ +

- + -

- + - + -
 (1) 

 where 
2 1 *

=1
:= ( 1)i ii

l f f-+ -ä , * * 4 4

1 2 1 2= ( , , , ) ( ; )f f f f MTÍ Ëf , the subscript "+"  

designates a projection of the corresponding operator on the Lie subalgebra of power series by the 

shift operator , i

kd , is a Kronecker symbol, {1,2}kÍ , ,tt Í  are evolution parameters, and 
1 1 * 1 *

1 1 1=0
= ( )( 1) (( ) )

ss p s p

p
M l f l f

- - - --ä , {1,2}sÍ , with the compatibility condition  

 2 2 1

1/ = [ , ] ,dl d l Mt+ + +
 (2) 

 where 2 2

1 0=l w w+ + + , 0 1, ( ; )w wÍ . Considering the eigenvalues 1, , Nl l of the 

associated spectral problem  

 = ,ly yl  

where ( ; )yÍ  and lÍ  is a spectral parameter, as smooth by Frechet functionals on 
4M , one investigate the differential-geometric properties of the invariant with respect to the system 

(1)-(2) finite-dimensional Bargmann type subspace  

 4 4

0 =1
={ : [ ( )] = 0}, = ,

N

N N N j jj
M M grad n cg lÍ - +äf f  

where 
2 *

0 =1
= ( ) ( )i in i

f n f ng
Íä ä , is a local conservation law of the system (1)-(2), 

jc Í , 

{1, , }j NÍ . 

By means of the Gel'fand-Dikii relationship [2] for differential forms on discrete manifolds 

the vector fields /d dt and /d dT, reduced upon the submanifold 4 4

NM MË , are shown to be 

Hamiltonian with respect to the exact canonical symplectic structure. The Lax representations for 

the reduced upon the subspace 4 4

NM MË  vector fields are given by the monodromy matrix of the 

corresponding matrix spectral problem. Among the coefficients of the expansions of the traces of 

the monodromy matrix natural powers by poles one can choice the set of 3N  functionally 

independent conservation laws, being involutive with respect the Poisson bracket, generated by the 

found symplectic structure. This set of conservation laws provides the Liouville integrability of the 

reduced vector fields /d dt and /d dT.   

 

1.Hentosh O.Ye. Lax integrable differential-difference dynamical systems on extended phase 

spaces // Symmetry, Integrability and Geometry: Methods and Applications. - 2010. - V. 6, 034. - 

14 p.; nlin.SI/1004.2945v1. 

2.Prykarpatsky A. et al. Some remarks on Lagrangian and Hamiltonian formalisms related to 

the infinite-dimensional dynamical systems with symmetries // Condensed Matter Physics. - 1995. - 

V. 6. - P. 79-104.   
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HOW INDECOMPOSABLE  CONTINUA ARISE IN DYNAMICAL SYSTEMS  

 

Kennedy J. A. 

 

A continuum is a compact, connected metric space. A continuum is indecomposable if it 

cannot be written as the union of two proper subcontinua (which must intersect). A brief history of 

the study of indecomposable continua is given, as well as a discussion of the different ways these 

continua are known to occur at present in dynamical systems. New ways have arisen in the last few 

years. Relevant work of several researchers in the area is discussed, including some work of the 

author with James Yorke and others. 
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We consider the singularly perturbed system  

= ( , ( ), ( ), ( )) ( , ( ), ( ), ( )),
dx

f t x t y t y t h t x t y t y t
dt

e e e- D + - D 

= ( , ( ), ( ), ( )) ( , ( ), ( ), ( )).
dy

G t x t y t y t P t x t y t y t
dt
e e e e- D + - D (1) 

 Here e is a small positive parameter and D is a fixed positive number, 
mx RÍ , ny RÍ ; 

equation ( , , , ) = 0G t x y y  has an isolated solution = ( , )y t xj . We assume that the function ( , )t xj  

is twice continuously differentiable and bounded as t RÍ , 
mx RÍ , functions ( , , , )f t x y z , 

, ,  are twice continuously differentiable and bounded as , 

, , . Let

, where

 when ; all roots of the characteristic equation 

 lie on the half-plane . 

Then the integral manifold of system (1) can be represented in the form 

, where  

 

 

We show that, under certain conditions on the right-hand side, the Poincare map for a 

perturbed system possesses a transversal homoclinic point [1]. The Mel'nikov method is used to 

analyze saddle-node bifurcations. If degenerate system is hamiltonian, then we obtain a countable 

number of periodic solutions. The stability of these periodic solutions is also investigated. We use 

the second approximation in the averaging method to study stability of a system of weakly coupled 

oscillators with time delay. A sufficient stability (instability) condition is obtained for a linear 

system of differential difference equations. We consider some examples.   

 

1.Klevchuk I.I. Homoclinic points for a singularly perturbed system of differential equations 

with delay // Ukr. Math. J. - 2002. -  54, 4. - P. 693-699. 
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